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Abstract. The equations for gravitational plane waves produced by a typical binary
system as a solution of linear approximation of Einstein equations is derived. The
dynamics of the corresponding gravitational field is analyzed in a 4-dimensional space-
time manifold, endowed with a metric and taking into account the torsion. In this
context, the geometrical reason of the existence of torsion due to the presence of
gravitational waves, as an asymmetry of connection coefficients with respect of the
swapping of indices’s is highlighted. In a laser interferometer gravitational detector The
delay time between the arrivals of the two laser beams traveling back and forth along
the two arms of in presence of gravitational waves, is interpreted from this point of view.
The geometrical interpretation of torsion, links this delay time to the breaking of the
parallelogram formed by the trajectories of the laser beams in space-time. This delay
is calculated for a typical NS-NS binary pulsar in two specific orientations with respect
of the experimental device, corresponding to different polarizations of the gravitational
waves. These values are related to the relative length variation of the detector’s arms
in presence of gravitational waves, and shown to be completely equivalent to the results
obtained in the context of the standard General Relativity.
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1. Introduction
Einstein General Relativity (GR) is an attempt for a full geometrization of physics
laws. Hence, in presence of a gravitational field, the space-time is curved. The gravita-
tional interaction lets (spinless) particles to follow geodesics of the curved space-time.
‡ Corresponding autor: A. Latifi, Department of Physics, Faculty of Science, Qom University of
Technology, Qom, Iran
2However the most general Lorentz connection has two fundamental properties: curva-
ture and torsion [1]. Cartan was the first who asked the question: “Why should matter
produce only curvature?” As a possible answer the Einstein-Cartan theory [2] has been
formulated in which the Christoffel connection is replaced by a more general connection
including both curvature and torsion.
This formulation at the microscopic level takes into account the fact that the mat-
ter is represented by elementary particles characterized by their mass and their spins.
Adopting the geometrical point of view of GR, mass produces curvature of space-time
while spin is source of torsion. At macroscopic level, where spin vanishes, Einstein-
Cartan theory coincides with GR. However no experimental evidence allows to justify
Einstein-Cartan theory. Moreover, in the interaction of the electromagnetic field with
gravitation, Einstein-Cartan theory violates the U(1) gauge invariance of Maxwell the-
ory [3].
An other attempt to include torsion in gravitation, is the Teleparallel Gravity, where
the Christoffel connection is replaced by the so called Weitzenbo¨ck connection [4]. In
contrast to Christoffel connection, the Weitzenbo¨ck connection has a non-vanishing tor-
sion but vanishing curvature.
In the present study, in the context of an alternative extension of GR, we consider
a weak gravitational field corresponding to a region of space with almost no curvature
(our solar system) and we show how the disturbance created by gravitational waves
(GW) produces torsion.
A 4-dimensional space-time manifold, endowed with a metric and taking into ac-
count the torsion, bring us out of the Riemann space and will produce the “breaking
of parallelograms”. We relate a quantitative evaluation of this phenomenon to the rel-
ative change of length of a laser interferometer GW detector’s arms in presence of GW
produced by a binary system. We show that this relative change of length is completely
equivalent, in first order, to the results obtained by the standard GR.
For the numerical application, we consider a typical NS-NS binary pulsar (1913
+16) with two equal masses M = 1.4M⊙ = 2.77 × 1030 kg, on an almost circular orbit
with radius a = 3× 107 m and at the distance from Earth z0 = 500 pc = 1.54× 1019 m.
2. Weak field metric, linear approximation of Einstein equations
Weak gravitational field corresponds to a region of space-time which is almost
“flat”. This means that we assume a background with Minkowskian structure in space-
time with metric ηµν . Accordingly, throughout such region, there exist coordinate
3systems xµ in which the space-time metric takes the form
gµν = ηµν + hµν |hµν | ≪ 1, (1)
and the first and higher partial derivatives of hµν are also small. This interpretation is
consistent with GR, as well as with the point of view of field theory, according to which
a field propagates on a background space-time [5].
Note that for a Riemann manifold hµν must be symmetric with respect of the swap-
ping of its indices. But in presence of torsion, neither hµν nor gµν will be symmetric.
We will come back to this point in Sect. 5.
To be able to describe a time-varying weak gravitational field, we have to assume
∂0 gµν 6= 0 ∂0 hµν 6= 0. (2)
Given a Lorentz frame, ea = eaµdx
µ, an infinitesimal general coordinate transformation
takes the form
x′µ = xµ + ξµ(x), (3)
where the ξµ(x) are four arbitrary functions of position of the same order of smallness
as the hµν . From (3) we have
∂x′µ
∂xν
= δµν + ∂νξ
µ. (4)
Thus, at first order of small quantities, the metric transforms as
g′µν =
∂xρ
∂x′µ
∂xσ
∂x′ν
gρσ = ηµν + hµν − ∂µξν − ∂νξµ, (5)
where ξµ = ηµνξ
ν. The linearized form of the Ricci tensor Rµν and the Ricci scalar R
are
Rµν =
1
2
(
∂ν∂µh+
2hµν − ∂ν∂ρhρµ − ∂ρ∂µhρν
)
, (6)
with h ≡ hσσ , 2 ≡ ∂σ∂σ and R = 2hµν − ∂ρ∂µhνρ.
By defining h¯µν , the “trace reverse” of hµν
h¯µν = hµν − 1
2
ηµνh, (7)
the Einstein equations
Rµν − 1
2
gµνR = −κTµν , (8)
become [6]
2h¯µν + ηµν∂ρ∂σh¯
ρσ − ∂µ∂ρh¯ρν − ∂ν∂ρh¯ρµ = −2κTµν . (9)
Note that in this linearized form, hµν contains all the informations about the gravity.
These equations can be simplified further by making use of the gauge transformation
h′µν = hµν − ∂µξν − ∂νξµ, (10)
4where the components of the trace reverse transform of h′µν are defined as follows
h¯′
µν
= h′
µν − 1
2
ηµνh′. (11)
By substituting (10) in (11) and differentiating, we have
∂ρh¯′
µν
= ∂ρh¯
µν −2ξµ. (12)
The most convenient choice in this class of coordinate systems is to choose the function
ξµ(x) satisfying the condition 2ξµ = ∂ρh¯
µρ. By dropping the primes, the linearized
field equation in the new gauge becomes
2h¯µν = −2κTµν , (13)
provided h¯µν satisfy the gauge condition
∂µh¯
µν = 0. (14)
Finally in vacuo, the linearized Einstein equations under the gauge conditions, reads [7]
2h¯µν = 0. (15)
It worth remarking that the nonlinearity of the original Einstein equations comes from
the fact that any energy-momentum acts as a source for gravitational fields, including
the energy-momentum associated with the gravitational field itself. By linearizing the
field equation, we ignore this fact.
3. Gravitational plane waves: solution of linearized Einstein equations in
vacuo
A plane-wave solution of the relativistic wave equation (15) has the form
h¯µν = Aµν exp [ikρx
ρ] , (16)
where Aµν are constants and the wave vectors kρ satisfy
kρk
ρ = 0. (17)
On the other hand, the gauge condition implies
Aµνkν = 0. (18)
The physical solution corresponds to the real part of the gravitational plane-wave namely
h¯µν =
1
2
Aµν exp [ikρx
ρ] +
1
2
(Aµν)∗ exp [−ikρxρ] , (19)
which clearly is the superposition of two plane-waves. For a wave traveling in the x3-
direction and making use of the Lorentz gauge transformation, satisfying the condition
(14), known as the transverse-traceless gauge [7], we have
Aµν =


0 0 0 0
0 a b 0
0 b −a 0
0 0 0 0

 . (20)
5By introducing the linear polarization tensors eµν1 and e
µν
2 , where the component are
obtained by setting respectively (a = 1, b = 0) and (a = 0, b = 1) in (20), Aµν can be
written as the following linear combination
Aµν = aeµν1 + be
µν
2 . (21)
4. Generation of GW by a binary system
By considering the matter distribution of the binary system localized near the
origin O of our coordinate system and our field point −→r at the distance r from O
(Fig. 1) and for r large compared to the spatial extent of the source, we may use the
compact source approximation [6]
h¯µν(ct,−→r ) = −4G
c4r
∫
T µν(ct− r,−→y )d3y . (22)
By taking our spatial coordinates xi to correspond to the “center of momentum” frame
of the source, we have ρi = 0 (i 6= 0). Thus
h¯00 = −4GM
c2r
, h¯0i = h¯i0 = 0. (23)
The remaining components are
h¯ij(ct,−→r ) = −4G
c4r
∫
T ij(ct− r,−→y )d3y. (24)
Standard calculations give the quadrupole formula
h¯ij (ct,−→r ) = −2G
c6r
[
d2I ij(ct′)
dt′2
]
ct′=ct−r
, (25)
where we define the quadrupole-moment tensor of the energy density of the source
I ij(ct) =
∫
T 00(ct,−→r )yiyjd3y =
∫
ρ(ct,−→r )yiyjd3y. (26)
Notice that I ij are constant tensors on each hyper-surface of constant time.
In the particular case of a binary system of equal masses M moving non-
relativistically in a circular orbit of radius a and an angular speed Ω, the coordinates of
A and B are
[xiA] = (a cosΩt, a sinΩt, 0)
[xiB] = − (a cosΩt, a sin Ωt, 0)
. (27)
Treating the motion in the Newtonian limit requires
Ω =
√
GM
4a3
. (28)
Thus the proper density of the system A− B as a source of GW is given by
ρ (ct,−→r ) =
M
[
δ
(
x1 − a cosΩt) δ (x2 − a sinΩt)+ δ (x1 + a cosΩt) δ (x2 + a sinΩt)] δ (x3) . (29)
6Figure 1. Two particles with equal masses M rotate in circular orbit with radius a
about their center of mass.
We are going to consider two particular positions of the observer: a) the observer
is located on the x3-axis, and b) the observer is located on the x1-axis.
In the case that the observer is located on the x3-axis (at large distance from O)
the quadrupole-moment tensor (26) becomes (T 00 = ρ)
I ij (ct) =Mc2a2

 1 + cos 2Ωt sin 2Ωt 0sin 2Ωt 1− cos 2Ωt 0
0 0 0

 . (30)
Using the quadrupole formula (25) we have
h¯µν(ct,−→r ) = 8GMa
2Ω2
c4r


0 0 0 0
0 cos 2Ω
(
t− r
c
)
sin 2Ω
(
t− r
c
)
0
0 sin 2Ω
(
t− r
c
) − cos 2Ω (t− r
c
)
0
0 0 0 0

 . (31)
According to (1) we can write
gµν(ct,−→r ) =


−1 0 0 0
0 1 + 8GMa
2Ω2
c4r
cos 2Ω
(
t− r
c
)
8GMa2Ω2
c4r
sin 2Ω
(
t− r
c
)
0
0 8GMa
2Ω2
c4r
sin 2Ω
(
t− r
c
)
1− 8GMa2Ω2
c4r
cos 2Ω
(
t− r
c
)
0
0 0 0 1

 . (32)
By setting
h+ =
8GMa2Ω2
c4r
cos 2Ω
(
t− r
c
)
h× =
8GMa2Ω2
c4r
sin 2Ω
(
t− r
c
)
, (33)
we obtain
ds2 = −c2dt2+(1 + h+) (dx1)2+(1− h+) (dx2)2+(dx3)2+2h×dx1dx2.(34)
The second position of the observer considered here, is the case the observer is located
on the x1-axis. The h¯µν matrix becomes then
h¯µν(ct,−→r ) = 4GMa
2Ω2
c4r


0 0 0 0
0 0 0 0
0 0 − cos 2Ω (t− r
c
)
0
0 0 0 cos 2Ω
(
t− r
c
)

 . (35)
7It follows
gµν(ct,
−→r ) =


−1 0 0 0
0 1 0 0
0 0 1− 4GMa2Ω2
c4r
cos 2Ω
(
t− r
c
)
0
0 0 0 1 + 4GMa
2Ω2
c4r
cos 2Ω
(
t− r
c
)

 , (36)
and in this case the metric reads
ds2 = −c2dt2 + (dx1)2 +
(
1− h+
2
)
(dx2)2 +
(
1 +
h+
2
)
(dx3)2. (37)
5. Gravitational waves and torsion
In a 4-dimensional space-time manifold endowed with metric and torsion [8], the
torsion tensor T ρµν can be defined as
T ρµν = Γ
ρ
µν − Γρνµ, (38)
where Γρµν are the affine connection coefficients. In Einstein GR, it is postulated that
T ρµν = 0 which means that the connection coefficients Γ
ρ
µν are chosen to be symmetric
with respect of the swapping of indices.
Let us examine the reason why the affine connection coefficients Γρµν could be chosen
not to be symmetric. In a 4-dimensional space-time manifold, consider a curvilinear
system of coordinates and in this system consider a point. To this point, we associate a
rectilinear system of coordinates −→e µ where the vectors xµ are parallel to the tangents
of curvilinear system of coordinates, namely
−→e 1(x1, 0, 0, 0), −→e 2(0, x2, 0, 0), −→e 3(0, 0, x3, 0), −→e 4(0, 0, 0, x4). (39)
Let us call this rectilinear system, the natural system of coordinates associated to the
point xµ. The natural system will change if we make an infinitesimal displacement
−→
ds
−→
ds = −→eµdxµ. (40)
The coefficients connecting two natural systems before and after the displacement
−→
ds
are called the affine connection coefficients Γρµν . Subsequently, we have
∂ν−→eµ = Γρµν−→eρ . (41)
On the other hand, an infinitesimal displacement
−→
ds can also be expressed as follows
−→
ds =
−→
∂s
∂xµ
dxµ. (42)
Now comparing (40) and (42), we can write
−→
∂s
∂xµ
= −→eµ. (43)
Knowing that in the natural system, which is nothing but an Euclidean space, we have
∂
∂xν
( −→
∂s
∂xµ
)
=
∂
∂xµ
( −→
∂s
∂xν
)
, (44)
8and the relation (43) gives
∂ν−→eµ = ∂µ−→eν . (45)
Thus (45) and (41) lead to the symmetry property of the affine connection coefficients
Γρµν = Γ
ρ
νµ, (46)
and of course, the lack of this symmetry property :
∂ν
−→eµ 6= ∂µ−→eν , (47)
means that a unit vector does not change in a similar way in different direction of the
space. In particular the length of −→eµ can be different at different points of space. This
bring us out of Riemann manifold which is a metric space defined by a symmetric metric
tensor gµν .
In this sense, in presence of GW, where the length unit could be different in differ-
ent directions of space, torsion is required for a complete theory of gravitation.
An extreme point of view which ignores the geometrical approach of the GR and
According to the Teleparallel Gravity, a contortion plays the role of a gravitational force,
similarly to the Lorentz force of electrodynamics [9]. This contortion of the space-time
could appear in presence of GW [10].
6. Breaking of parallelograms in presence of torsion
Let us have a glance on how a parallelogram is defined in an n-dimensional Riemann
space and how the breaking of parallelograms occur in presence of torsion.
We consider a point A(xµ) in an n-dimensional Riemann space. From this point, we can
make two different infinitesimal displacements along two different geodesics AB and AC
and call them respectively δ and d (Fig. 2). At the second stage, a δ-displacement is
applied to B and a d-displacement is applied to C. The resulting points, are respectively
D1 and D2. In an ordinary differential algebra, we have
d(δxµ) = δ(dxµ), (48)
and consequently, the points D1 and D2 coincide. This define a parallelogram or better
speaking a quasi-parallelogram in a n-dimensional Riemann space-time.
Now, consider the parallel transport (coordinate invariant transformation) of the
set of n vectors −→eµ , defining the reference system at A. The transportation along the
path ABD, transforms −→eµ on a new reference system (−→eµ)1 , and the transportation
along the path ACD, transforms −→eµ on an other set of reference vectors (−→eµ)2. Then, let
us consider the Euclidean tangent space at A and call all the points of this tangent space
by small letters. Hence, the point A in the Riemann space coincide with the point a of
the tangent space. The parallel transport of −→eµ along AB gives, in the tangent space,
9Figure 2. Two different displacements δ and d are applied to the point A along the
geodesic AC and AB respectively. A displacement δ applied to B and a displacement
d applied to C make a quasi-parallelogram in a n-dimensional Riemann space where
D1 and D2 coincide.
Figure 3. The vector ab in the tangent space is obtain by the application of the
infinitesimal displacement d to the point a.
a new set of reference vectors −→eµ + d−→eµ at the point b (the counterpart of the point B
in the Riemann space). The vector
−→
AB in the Riemann space corresponds then, to the
vector
−→
ab in the tangent space (Fig. 3) and we have
−→
ab =
−−→
d(a) = −→eµ dxµ, (49)
and
d−→eµ = Γρµνdxν−→eρ . (50)
In the same manner, the displacement δ of −→eµ + d−→eµ from the point b defines
−→
bd1 = δ(
−→a +−−→d(a)) = −−→δ(a) +−−−→δd(a). (51)
So
−→
ad1 =
−→
ab +
−→
bd1 =
−−→
d(a) +
−−→
δ(a) +
−−−→
δd(a). (52)
Hence, the reference system (−→eµ)1 at d1 reads
(−→eµ)1 = (−→eµ + d−→eµ) + δ(−→eµ + d−→eµ) = −→eµ + d(−→eµ) + δ(−→eµ) + δd(−→eµ). (53)
The same operation along the path ACD gives
−→
ad2 =
−−→
δ(a) +
−−→
d(a) +
−−−→
dδ(a), (54)
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Figure 4. Mirrors M1 and M2 are fixed at the end of the arms SM1 and SM2. The
light beams go from S to M1 and M2 and after reflection return back to S. This
trajectories form a parallelogram in the (2+1) dimension space-time.
(−→eµ)2 = −→eµ + δ(−→eµ) + d(−→eµ) + dδ(−→eµ). (55)
So, the vector
−−→
d1d2 can be expressed as follows
−−→
d1d2 = dδ(
−→a )− δd(−→a )
= d(−→e µδxµ)− δ(−→e µδxµ)
= −→e µ(dδxµ − δdxµ) + d−→eµδxµ − δ−→eµdxµ. (56)
Since in tangent Euclidean space d(δxµ) = δ(dxµ), (56) becomes
−−→
d1d2 = d
−→eµδxµ − δ−→eµdxµ, (57)
and using (50), we obtain
−−→
d1d2 =
−→eρ (Γρµν − Γρνµ)dxνδxµ. (58)
Thus, we can see that in presence of torsion where Γρµν 6= Γρνµ, the quasi-parallelogram
ABCD is no more represented by a closed quadrilateral in the Euclidean tangent space.
This is one calls the “breaking of parallelogram” [11].
7. Detection of GW produced by a binary system in a laser interferometer
GW detector through the breaking of parallelogram
A laser interferometer gravitational waves detector (LIGO [21] in USA, VIRGO
[22] and GEO [23] in Europe, TAMA [24] in Japan) consists on laser beams traveling
back and forth along perpendicular arms in the xy-plane in presence of a plane-fronted
GW traveling in the z direction [12]. The mirrors are fixed at the end of the arms. At
a point S, the laser beam splits in two. One of the beams travels along the arm of the
proper length L in x-direction and the other, along the other arm in y-direction with
the same proper length L. At the end of each arm, the mirrors M1 and M2 reflect the
beams back to the point S (Fig. 4). The traveling beams from S to M and from M
11
Figure 5. (a) The plane of rotation of the binary system is parallel the xy-plane
containing the arms of the detector and perpendicular to the z-direction. (b) The
plane containing the arms of the detector, is parallel to the yz-plane.
back to S form respectively, the vectors vµ and wµ. The beam following the path SM2
and M2S form the vectors a
µ and bµ.
We are going to consider a binary system, as the source of GW in two different
positions with respect to the detector’s arms (Fig. 5).
In the first position, where the plane of rotation of the binary system is parallel to
xy-plane containing the arms of the detector, the corresponding metric is the one given in
(34). In this case vµ(ct, x, y, z) = (v0, v1, 0, 0) satisfying the condition gµνV
µV ν = 0. For
the laser beam traveling in the positive direction along the x-axis, the latter condition
yields to the following relation
g00(v
0)2 + g11(v
1)2 = 0. (59)
We require from v1 to have the length L. Hence, (59) and (34) give
v0 =
√
−g11
g00
v1 =
√
1 + h+L h+ = h+(x0 + L, y0, z0, t0 + dt), (60)
where t0 is the time coordinate of the emitted light at point S, and t0 + dt is the time
coordinate of the traveling light of point M1. Therefore the vector v
µ is defined as
follows
vµ =
(√
1 + h+L, L, 0, 0
)
h+ = h+(x0 + L, y0, z0, t0 + dt). (61)
On a similar way, we define wµ, aµ and bµ as follows
wµ =
(√
1 + h+L,−L, 0, 0
)
h+ = h+(x0, y0, z0, t0 + 2dt),
aµ =
(√
1− h+L, 0, L, 0
)
h+ = h+(x0 + L, y0, z0, t0 + dt),
12
bµ =
(√
1− h+L, 0,−L, 0
)
h+ = h+(x0, y0, z0, t0 + 2dt). (62)
If we quantify the breaking of the parallelogram in space-time by the difference
∆µ = (vµ + wµ)− (aµ + bµ), (63)
then, clearly for i = 1, 2, 3 we have ∆i = 0, and the only nonzero component of ∆µ is
∆0
∆0 = L{
√
1 + h+(x0 + L, y0, z0, t0 + dt) +
√
1 + h+(x0, y0, z0, t0 + 2dt)
−
√
1− h+(x0, y0 + L, z0, t0 + dt)−
√
1− h+(x0, y0, z0, t0 + 2dt)}. (64)
Obviously we have dt ≪ t0, and L ≪ x0, L ≪ y0. Moreover, knowing that dt ≪ L/c
and x0 = ct0, one shows easily
dt
t0
=
L
x0
. (65)
The relation (65) shows that dt/t0 and L/x0 are of the same order of smallness. So we
can expand h+ in terms of L and dt, according to
h+(x0 + L, y0, z0, t0 + dt) ≈ h+(x0, y0, z0, t0) +
(
∂h+
∂x
)
x=x0
L+
(
∂h+
∂t
)
t=t0
dt,
h+(x0, y0 + L, z0, t0 + dt) ≈ h+(x0, y0, z0, t0) +
(
∂h+
∂y
)
y=y0
L+
(
∂h+
∂t
)
t=t0
dt,
h+(x0, y0, z0, t0 + 2dt) ≈ h+(x0, y0, z0, t0) +
(
∂h+
∂t
)
t=t0
2dt. (66)
On the other hand, h+ is sufficiently small (33) for applying the approximation√
1 + h+ = 1 +
1
2
h+,
√
1− h+ = 1− 1
2
h+. (67)
By substituting (66) and (67) in (64), we have
∆0 =
L
2
(
4h+(x0, y0, z0, t0) +
(
∂h+
∂x
)
x=x0
L+
(
∂h+
∂y
)
y=y0
L+ 6
(
∂h+
∂t
)
t=t0
dt
)
. (68)
Replacing (33) (the expression of h+) in (68) and using dt0 = L/c, (68) reads
∆0 =
L2
2
(
8GMa2Ω2
c4r0
){
4
L
cos 2Ω
(
t0 − r0
c
)
+
x0 + y0
r0
(
2Ω
c
sin 2Ω
(
t0 − r0
c
)
− 1
r0
cos 2Ω
(
t0 − r0
c
))
− 12Ω
c
sin 2Ω
(
t0 − r0
c
)}
(69)
As mentioned in Sect. 2, we assume an almost Minkowskian structure for the space-
time. Therefore, with a good approximation we can write r0 =
√
x20 + y
2
0 + z
2
0 . By
setting x0 = y0 = 0, we have r0 = z0, and
∆0 =
L2
2
(
8GMa2Ω2
c4z0
){
4
L
cos 2Ω
(
t0 − z0
c
)
−12Ω
c
sin 2Ω
(
t0 − r0
c
)}
.(70)
For a typical NS-NS binary pulsar (1913 + 16), we have two equal massesM = 1.4M⊙ =
2.77 × 1030 kg and the distance from Earth z0 = 500 pc = 1.54 × 1019 m [13]. By
13
considering the length L of LIGO’s arms to be 4 km, we see that 4/L≫ 12Ω/c. Thus,
we can neglect the second term in (70), which yields
∆0 ≃ 16GMa
2Ω2L
c4z0
cos 2Ω
(
t0 − z0
c
)
. (71)
The frequency of this system is f = 10−3.7 ≃ 2× 10−4 s−1[14]. Then according to (28),
we obtain the radius of its circular orbit a = 2.7 × 107 m. The delay time between the
arrivals of the splitted beams along the two arms of the detector is given by ∆τ = ∆0/c,
which gives
∆τ ≃ 16GMa
2Ω2L
c5z0
cos 2Ω
(
t0 − z0
c
)
, (72)
and by replacing all the values, we obtain
|∆τ | . 4.73× 10−26 s . (73)
The usual evaluation of the gravitational wave’s effect on the detctor’s arms is done
through the ratio ∆L/L where L is the length of the arms in absence of gravitational
wave. To compare our result with this usual evaluation, we simply have to notice that
∆L = ∆0/2. Then using the numerical values mentioned above, we obtain∣∣∣∣∆LL
∣∣∣∣ . 8GMa2Ω2Lc5z0 ≃ 1.77× 10−21 . (74)
According to (33), this means∣∣∣∣∆LL
∣∣∣∣ . h+ and log
∣∣∣∣∆LL
∣∣∣∣ . log h+ ≃ −20.8 (75)
Now, let us consider the second position of the binary system with respect of the
experimental device. Namely, when the plane formed by the arms of detector is parallel
to yz-plane (Fig. 5). In this case, vµ(ct, x, y, z) = (v0, 0, v2, 0) which satisfies the
condition gµνV
µVν = 0. Again, for a laser beam traveling in the positive direction
along the x-axis, the latter condition gives
g00(v
0)2 + g22(v
2)2 = 0, (76)
and requiring v2 to have the length L, (76) and (34) yield
v0 =
√
−g22
g00
v2 =
√
1− h+
2
L h+ = h+(x0, y0 + L, z0, t0 + dt). (77)
It this situation the vectors vµ, wµ, aµ and bµ are defined as follow
vµ =
(√
1− h+
2
L, 0, L, 0
)
h+ = h+(x0, y0 + L, z0, t0 + dt),
wµ =
(√
1− h+
2
L, 0,−L, 0
)
, h+ = h+(x0, y0, z0, t0 + 2dt)
aµ =
(√
1 +
h+
2
L, 0, 0, L
)
, h+ = h+(x0, y0, z0 + L, t0 + dt)
bµ =
(√
1 +
h+
2
L, 0, 0,−L
)
h+ = h+(x0, y0, z0, t0 + 2dt). (78)
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Again, as previously, we expand h+ in terms of L and dt
h+(x0, y0 + L, z0, t0 + dt) ≈ h+(x0, y0, z0, t0) +
(
∂h+
∂y
)
y=y0
L+
(
∂h+
∂t
)
t=t0
dt,
h+(x0, y0, z0 + L, t0 + dt) ≈ h+(x0, y0, z0, t0) +
(
∂h+
∂z
)
z=z0
L+
(
∂h+
∂t
)
t=t0
dt,
h+(x0, y0, z0, t0 + 2dt) ≈ h+(x0, y0, z0, t0) +
(
∂h+
∂t
)
t=t0
2dt, (79)
and use the approximation√
1 +
h+
2
= 1 +
1
4
h+
√
1− h+
2
= 1− 1
4
h+. (80)
Now using (7) and (80), the expression of ∆0, i.e. (64) becomes
∆0 = −L
4
[
4h+(x0, y0, z0, t0) +
(
∂h+
∂z
)
z=z0
L+
(
∂h+
∂y
)
y=y0
L+ 6
(
∂h+
∂t
)
t=t0
dt
]
(81)
and using the expression of h+ (33) and taking into account dt0 = L/c, we have
∆0 = −L
2
4
(
8GMa2Ω2
c4r0
){
4
L
cos 2Ω
(
t0 − r0
c
)
+
z0 + y0
r0
(
2Ω
c
sin 2Ω
(
t0 − r0
c
)
− 1
r0
cos 2Ω
(
t0 − r0
c
))
− 12Ω
c
sin 2Ω
(
t0 − r0
c
)}
. (82)
In this situation, y0 = z0 = 0 and, neglecting the second term in (82) (since
4/L≫ 12Ω/c), ∆0 becomes
∆0 ≃ −8GMa
2Ω2L
c4x0
cos 2Ω
(
t0 − x0
c
)
. (83)
According to our previous definition of delay time ∆τ = ∆0/c,
∆τ ≃ −8GMa
2Ω2L
c5x0
cos 2Ω
(
t0 − x0
c
)
. (84)
The typical values used previously give here
|∆τ | . 2.36× 10−26 s (85)
and ∣∣∣∣∆LL
∣∣∣∣ . 1.27 × 10−21 . (86)
On other words∣∣∣∣∆LL
∣∣∣∣ . 12 |h+| and log
∣∣∣∣∆LL
∣∣∣∣ . log 12 |h+| ≃ −21.1 (87)
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8. Comparison with results obtained in the context of the standard GR
Here we recall briefly the method used in the context of the standard GR to eval-
uate the relative change on the arms length ∆L/L of a laser-interferometer GW detector.
Let us consider two nearby observers freely falling in the field of a weak and
plane GW. This wave produces small variations in the proper distance between the
two observers A and B. We call the frame attached to one of this observers, let say A
(the basic observer), the proper reference frame which is formed by a small Cartesian
latticework of measuring rods and synchronized clocks. The space-time coordinates in
this frame (ctˆ, xˆ1, xˆ2, xˆ3) are locally Lorentzian along the whole geodesic of the observer
A. Thus the line element of the metric in these coordinates has the form
ds2 = −c2dtˆ2 + δijdxˆidxˆj +O
(
(xˆi)2
)
dxˆαdxˆβ . (88)
Notice that this line element deviates from the line element of the flat Minkowski space-
time by terms that are at least quadratic in the values of xˆi .
Defining the deviation vector ξˆα describing the instantaneous relative position of
the observer B with respect to observer A:
ξˆα =
(
0, xˆ1(tˆ), xˆ2(tˆ), xˆ3(tˆ)
)
. (89)
The relative acceleration D2ξˆα/dtˆ2 is related to the sapce-time curvature through the
equation of geodesic deviation [16]
D2ξˆα
dtˆ2
= −c2Rˆαβγδuˆβ ξˆγuˆδ , (90)
where Rˆαβγδ is the Riemann curvature tensor and uˆ
β is the 4-velocity of the observer A.
The equation (88) implies that the Christoffel Symbols Γˆαβγ vanish along the basic
geodesic. Taking into account the fact that uˆα = (1, 0, 0, 0) and using (89) and (90) one
obtains
d2xˆi
dtˆ2
= −c2 Rˆi0j0xˆj +O
(
(xˆi)3
)
. (91)
If one chooses the Traceless Transformed (TT) coordinates (introduced in section 3) in
such way that the 4-velocity field needed to define TT coordinates, coincides with the
4-velocity of our basic observer A, then
Rˆi0j0 = R
TT
i0j0 +O(h
2) . (92)
For a recent thorough analysis and a proof of the equivalence between the TT and the
free falling frame see [17]. Using the fact that in the TT coordinates h¯TT0µ = 0 the
linearized Riemann tensor gives [18]
RTTi0j0 = −
1
2c2
∂2hTTij
∂tˆ2
+O(h2) . (93)
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This relation is valid for the wave propagation in any direction. collection equations
(91)-(93) together, after neglecting the terms O(h2), one obtains
d2xˆi
dtˆ2
=
1
2
∂2hTTij
∂tˆ2
xˆj , (94)
where the second derivative ∂2hTTij /∂tˆ
2 is to be evaluated along the basic geodesic
xˆ = yˆ = zˆ = 0.
Imagining that for time tˆ 6 0 there were no waves (hTTij = 0) in the vicinity of the
two observers (at rest with respect to each other), one can write the initial conditions
xˆi(tˆ) = xˆi0 = constant ,
dxˆi
dtˆ
(tˆ) = 0 , for tˆ 6 0 . (95)
At tˆ = 0 some waves arrives. One expects that xˆi(tˆ) = xˆi0 + O(h) for tˆ > 0, therefore,
because the term O(h2) is neglected, the equation (94) can be replaced by
d2xˆi
dtˆ2
=
1
2
∂2hTTij
∂tˆ2
xˆj0 . (96)
Using the initial conditions (95), the integration of (96) gives
xˆi(tˆ) =
(
δij +
1
2
hTTij (tˆ)
)
xˆi0 , tˆ > 0 . (97)
If the spatial axes of the proper reference frame are oriented at such manner that the
wave is propagating in the +zˆ direction, then
hTTij =

 h+ h× 0h× −h+ 0
0 0 0

 cos(ω(tˆ− zˆ
c
)
)
. (98)
So the equation (115) can be written in the following explicit form
xˆ(tˆ) = xˆ0 +
1
2
(
h+(tˆ) xˆ0 + h×(tˆ) yˆ0
)
,
yˆ(tˆ) = yˆ0 +
1
2
(
h×(tˆ) xˆ0 + h+(tˆ) yˆ0
)
,
zˆ(tˆ) = zˆ0 . (99)
Notice that equations (8) indicates that the gravitational wave is transverse. Indeed,
it produces relative displacements to the test particles only in the plane perpendicular
to the direction of the wave propagation.
In this context, the key idea allowing the evaluation of the effect of GW on the
laser-interferometer detectors is to consider a perfect ring of point particles initially at
rest. Let the radius of the ring be d0 and the center of the ring coincides with the origin
of the observer’s proper reference frame. Then the coordinates of any particle in the
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ring can be parametrized by using the polar coordinates attached to the center of the
ring. Namely :
xˆ0 = d0 cosφ , yˆ0 = d0 sinφ , zˆ0 = 0 , φ ∈ [0, 2π] . (100)
One can determine the motion of the particles considering the + and × polarizations
separately. If only the + polarization is present, then h× = 0 and we have
hTTij = h+
[
1 0
0 −1
]
sinωtˆ , (101)
ω being the resonant frequency of the gravitational wave’s source. Then using the
equations (8) and (100), one gets
xˆ(tˆ) = d0 cosφ
(
1 +
1
2
h+(tˆ)
)
,
yˆ(tˆ) = d0 sin φ
(
1− 1
2
h+(tˆ)
)
. (102)
It is easy to combine the two equations of (8) to obtain
xˆ2(
a+(tˆ)
)2 + yˆ2(
b+(tˆ)
)2 = 1 , (103)
where
a+(tˆ) = d0
(
1 +
1
2
h+(tˆ)
)
, b+(tˆ) = d0
(
1− 1
2
h+(tˆ)
)
. (104)
Equations (103)-(104) describe an ellipse with the center at the origin of the coordinate
system. The ellipse has semi-axes of the lengths a+(tˆ) and b+(tˆ), which are respectively
parallel to the xˆ and yˆ axis. h+(tˆ) being an oscillatory function, the deformation of
the initial circle into the ellipse has the following pattern: in the time intervals when
h+(tˆ) > 0, the circle is stretched in the xˆ direction and squeezed in the yˆ whereas when
h+(tˆ) < 0, the stretching is along the yˆ axis and the squeezing is along the xˆ axis.
Now let us fix a single particle in the ring. The motion of this particle with respect
to the origin of the proper reference frame is given by equations (8), for a fixed value of
φ. By eliminating h+(tˆ), one obtains
xˆ2
d0 cos φ
+
yˆ2
d0 sin φ
− 2 = 0 . (105)
This means that any single particle in the ring is moving around its initial position along
some straight line.
If only the cross polarization is present (h+ = 0), on a similar way, one can show
xˆ(tˆ) = d0
(
cosφ+
1
2
sinφ h×(tˆ)
)
,
yˆ(tˆ) = d0
(
sinφ+
1
2
cosφ h×(tˆ)
)
. (106)
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Introducing in the (xˆ, yˆ) plane the rotated coordinates (xˆ′, yˆ′) around the zˆ axis by
45 degrees, we have[
xˆ′
yˆ′
]
=
[
cos(π/4) sin(π/4)
− sin(π/4) cos(π/4)
][
xˆ
yˆ
]
=
√
2
2
[
1 1
−1 1
][
xˆ
yˆ
]
.(107)
It is easy to rewrite equations (8) in terms of the coordinates (xˆ′, yˆ′) :
xˆ′(tˆ) =
√
2
2
d0(sinφ+ cosφ)
(
1 + h×(tˆ)
)
,
yˆ′(tˆ) =
√
2
2
d0(sinφ− cos φ)
(
1− h×(tˆ)
)
. (108)
After eliminating from equations (8) the paramiter φ, one gets
xˆ′2(
a×(tˆ)
)2 + yˆ′2(
b×(tˆ)
)2 = 1 , (109)
where
a×(tˆ) = d0
(
1 +
1
2
h×(tˆ)
)
, b×(tˆ) = d0
(
1− 1
2
h×(tˆ)
)
. (110)
This means that the initial circle of particles is deformed into an ellipse with its center
at the origin of the coordinate system. The ellipse has semi-axes of the lengths a×(tˆ)
and b×(tˆ), which are rotated by an angle of 45 degrees with respect to the (xˆ, yˆ)-axis.
The simplest gravitational wave detector one can imagine, is a body mass m at
a distance L from a fiducial laboratory point, connected to it by a spring of resonant
frequency ̟ and quality factor Q. Einstein equation of geodesic deviation predicts
that the infinitesimal displacement ∆L of the mass along the line of separation from
the equilibrium position satisfies in the free falling frame of the observer at the fiducial
laboratory frame and for wavelengths ≫ L [19]
∆¨L(t) + 2
̟
Q
∆˙L(t) +̟2∆L(t) =
1
2
(
F+h¨+(t) + F×h¨×(t)
)
, (111)
where F+ and F× are are coefficients of order unity related to the detector response h(t)
to a gravitational wave signal [20]
h(t) = h+(t) F+ + h×(t) F× , (112)
where
F+ =
1
2
(1 + cos2Θ) cos 2Φ cos 2Ψ− cosΘ sin 2Φ sin 2Ψ , (113)
F× =
1
2
(1 + cos2Θ) cos 2Φ sin 2Ψ + cosΘ sin 2Φ cos 2Ψ , (114)
Θ, Φ, Ψ being the angles defining the relative orientation of the binary with respect to
the detector.
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Laser-interferometer gravitational wave detectors are composed of two perpendic-
ular km-scale arm cavities with two test-mass mirrors hung by wires at the end of each
cavity. The tiny displacement ∆L of the mirrors induced by a passing gravitational
wave are monitored with very high accuracy by measuring the relative optical phase
between the light paths in each interferometer arm. The mirrors are pendula with qual-
ity factor Q and resonant frequency ̟. Thus, the equation (111) written in Fourier
domain, reduces to
∆L
L
∼ h . (115)
In the specific positions we have considered the binary as the source of GW namely, the
binary in the z-direction and the arms of the detector in the xy-plane, then Θ = 0 [19].
Thus |F+| and |F×| which are of order unity, take alternatively the values 0 and 1 on
such a way that when one takes the value 0, the other one take the value 1. Now, using
(112) and taking into account the expressions of h+ and h× (33), the relation (115) can
be written ∣∣∣∣∆LL
∣∣∣∣ . |h+| , (116)
which is exactly the expression obtained (75) in section 7.
9. conclusions and discussion
From the standard GR point of view, the existence of GW is intuitively obvious as
soon as the space-time is assumed to act as an elastic medium. The basic properties of
GW can then be deduced from the space curvature as a consequence of mass distribu-
tion in space and in time.
Since the pioneering work of Joseph Weber [15], the improvement of detectors has
been remarkable. Relating them to optical telescopes, the improvement achievement so
far is equivalent to the step from a 3 cm diameter optical telescope to a 3 m diameter
instrument. In the next decade it is hoped that the improvement will be equivalent to
a step up in size from 3 m to 3 Km [13]. At this sensitivity gravitational wave detection
is practically certain, and the field of gravitational astronomy will be able to map and
explore the new spectrum, and the objects that it reveals.
In this sens, identifying the correct theory of gravity is a crucial issue for modern
physics. Also, modifications of gravity are required to deal with the vast phenomenolog-
ical results. But the ambiguity comes from the fact that very often, these results can be
explained successfully both with the standard GR or modified and extended GR. Here
we have a blatant example of this situation.
In this article, we have adopted an alternative approach to the standard GR by
taking into account both curvature and torsion. Including torsion, does not modify
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the standard approach of GR but bring us out of the Riemann space. In this context,
considering a laser interferometer GW detector, we have highlighted the meaning of the
breaking of the parallelogram in presence of torsion and, we have shown that the delay
time observed in this type of experiments can be interpreted by this approach. Through
this delay time, we obtain the usual parameter ∆L/L which is the relative change of
length of the arms of the laser interferometer detector in presence of GW. By considering
two specific positions of a typical binary system as the source of GW, namely the NS-NS
binary pulsar (1913 +16), we obtain log |∆L/L| . −20.8 in one position corresponding
to a mixture of + and × polarizations and log |∆L/L| . −21.1 in the other position
corresponding to pure × polarization.
It is remarkable that in comparison with the standard GR, not only the numerical
results but also the analytical expression, at first order, are exactly the same.
To go further, it will be useful to compare these results with those obtained in the
context of higher orders gravity. Also, to round off this comparison, it will be necessary
to calculate these quantities, adopting the Teleparallel theory of gravity. These are now
under study.
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